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abstract; 

* 7. The approach that we present to problen-^lving has ,tvo coaponents: 
closeness and refonatilation. The- closeness measure is a cognitively- 
based heuristic function, and reformulation provides the probiet2-soiver 

«with new ways of looking at the. goal ai^ is mediate by cpe closeness 
measure. We apply the proposed Ideas to nany problems that 'have 
/traditionally been used to test problem-solving ideas, 

• ^ 



• , Generally speaking, tii^e is first a-sitnatkm 
, \ Si, the dhiation in wfaidi the actual thou^t process ^arts, azid 
then, after a number of^!rte{^ 
Sj, in which &e process ends, the- problem is*solv«L 

Let consider the nature of situation 1 and sftuation 2 by compar^ 
ing them, and let us thra consider what gpes on between, bow and * 
-why; Cleariy the process is a transition^ a change from Si linto S^, ' 
Sj, as compared ^^ith is strachiralfy iztcomplete, involves' a gap 
i, or a structural troubli, wh^leas Si is in these Respects ^truct^LraHy 
better, tb^ is'fiDed adajuatdy, the structural trouble lias db- 
^yp^jred; it is-sensibly 6omp!ete as gainst Si, 

When the problem irrealized, S; c^tains strochaal strains and 
stress^ that are resolved in Sj. The thesis h that the thsxsdba^ 
of the steps, of the operatte^, of the cianges betw^ Sx a^ St 
swings from tbe nat^ of fee ^wtors set up ii t^»e structural' 
•troubles in the dirrotion cJ- helj^g -fee stoatkm* of ^rai^tcning 
it out structuially. This is quite-in contrast to pnocmes in wiiiili ' 
some steps, -some operations coming frcan ^^ridus ^Jbrces .atKi g<^g 
in various directioQS, may le£i to ^ solution in a fbrto^^ . 

. ■ ^- ■ = " ' 

' ^ — Max Wertheiaer, Productive jRilnkipg 
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> INTKODUCTION ' ' 
In this paper we present a new approach to probleE-solvin^and ap^ly it ' 
to a- variety of probleos that have traditionally Ijeen a test-bed' for probleo- 
solving ideas . Tne reader, who is impressed" by the role t:ognition plays in 
hunan pxoblen-solving will notice that the new approach has a great deal of 
cognitive relevance. On the' other hand, the' person who is perforcance-ainded - 
will nave -opportunities to see the scope and gener.al+ty of the proposed* ideas through 
Che exaapies, which include the Father and Sons lask, va'rious water-jug problecs, ■ 
blocks problens vith Interaction of goals and thfe EletDentary Algebra Task. 

A SEARCH PROCEDURE ' ' * 

^Qr convenience of expositloti, vc conffnc ourselves to problens represcntabfe 
^ in state space and use the teminology' of !?ilsson [1 ] . Fn^ problea-solveV would 
require as prinitive only a heuristic function Wlch would enable it to conpute a 
"closeness ceasure" between two states, denoted C(s '.s.) for two states s, And s •. 
I;: could be a nueerical censure but it need not be so. The closeness oeasure gives . 
the probleis-solver the ability to decide whiob of a set of .candidate nodes to expand 
next. The forcatior^of the closeness criterion corresponds' to an "understandirg" of 
the problen.and thus would be task-dependent.* 'Actually, we shall |ee that fof ciasees 
of tasks, essentially the saee clbseneas oeasure would be applicable. 
- . The. search is con'til^Ued by a sodif ied depth-first algo^ithis. In th^ 
-^^llowing. we will not explicitly state the activities norml to this class of 
algSTithns,. such al;the establishaent of back, point'ers. The -Initial state is 
5^, the goal state is G, PARSrr(s) is the parent node of s. For eac^ node s ' ' • 

tkac U9 expanded. BACKUP.(s) is- a set of n^^Ses to back up. to if expaiislon of 
qode s^ssulcs in do expandable siiccessors, i.e., a cut-off has occurred. 
^ 1) 's *• 8^, BAqup(s) Xs esjty set. * . ^ * % 

. 2>i Expand sr tjeiete fcoffl the successorsfeodes already genetated, and let . 



-^the recainiQg successors be the set S/ If S is eapty, go td's), 
'€ls^, check to see if GeS. If yes, exit wi<h success. Else'^o to 



2 



3) 



3) Choose the node in S 'that is clfsett to G (decide ties arbitrarily), 

and set the value of s. to' this node. 
A) 3ACKUP(s) - 3y- is}. -If BACKUP(s) is hon-enpty, • go to .2). ' Else set 



3ACKlT(s^ — 5ACKlT(PAKEKT(s)) a;id go to 2) . , 
* , / • ^ 

3) '•Secptjsneans a out-off has occurred.) If BACKUP <s)- is enpty,' 'exi< 

# 

vixh failare.^ (ftherwise set S - BACKUP(s) and go to 3) . • 
rne basic idea>f the^ procedure is siiBple. As a no'de is' expanded, the set . 
of^ucces^ors is pruned to elininale any elements identical to' uo^es aire^j^ 
generated. If the goal is -not found ar^ng the renainder. the successor closest. ^ 
to :he g04l is. chosen for . expansion next. If a node has no expandable successors 
(i.e., if the orunedVet of successors is ei^ty) , -a cut-off has pccu^ed. and j:be 
closest node frOa its unexpanded siblings is cholen. If this is not possible' - 
trace back through the ancestors unfil^ohe vith a set of 'unexpanded siblings is 
found, and choose the closest froo it f^r further expansioi. 'if np such node i.- 
found, exit With failare. This kind of back-up incorporates ciie notion of 
•"pursuing a lin«. of thought". 

Wc ha'.x- given a rather sinple search proeedure for purpo^ of exposition. 
One of the' desirable edifications would be when the closeness neasures Jor' two 
candidate states are equal, U th^^bove iprocedure. ve have broken the 'ties 
arbitrarily, ani' the search would go down the chosen node. However, a oori 
intelligent procedure would be to expand both of thca one ievll down^, see if v 
any further insight through closeness of successors can be obtained b^re a, '* 
conaittEsent is aade .to a "l^ne of thought". r' 

The interpretation of the clcfeeness measure is what, distinguish© "it .frba 

oi;b-er heuristic functions used to order nodes,- such as the cost fuiictlon,"'\ 



of KiLpson. Our closeness measure is related to what is cognitively considered 

the "essential" part of the description. ' * ^ ^ • 

• • * / - 

■ ' • SYjeOLIC CLOSENESS ' • ^ ' 

rnere is a simple typ6 of (closeness which we call sjinbolic closeness and ' 

which is the appropriate, closeness measure for-a class of problem, which 

includes the* Father and Sons Task, the ligic Ta^, the Missionaries ^rid .Cadnibal 

.asK and tne -esentary Algfebra Task, In all these cases , 'certain syabols are 

abstracted fron the ^tate description as havii|g been deeced "essential". The 

closeness, neasure is obtained by Hatching lists of these' abstrac te8 ^symbols. 

For i.nstance. let L = -A.B.c;', L, : -A.B.CD; , " 1- : -A.B} , and L .A.S.r} be such 

.1SES.0. asstrscted .-.-hols for states s, s^, s^, and s^; then* ^.^^^J^ 

C(s,s,) = CCs.SgX^CCs.s^) ; i.e,, s^ and are equally close t^ s, 

requiring cnange in one syiabol to achieve syabolic closeness, but ' 

is farther fron s, needing changes in two symbols. Let us illustrate 

by neans of tine Father and Sons Task [2]. • , * 

£xaaple 1. - Father and Sons Task 

• rne pfbblem is: "A fatSler weighing 200 pounds and two' "sons each 
weighing 100 pounds wish to cross a river. .The only conveyance \ * 
available is a bo^t of capacity 200 pounds. Father and sonr can 
^ operate the boats individually."- Our system starts with the following 
representation: Initial State' is RIGHT{F,S1,S2, Boat) , LEPT(None) ; 
goal is ^FT{F,Sl,S2.Boat). The list used' for closeness is the LEFT ' 
^ list of cand^idate state, i.e., this list' is ma'tched with thfit -of the 

goal sfate. The more matches, the closer. I]ie tree appears as Figure 1. 



RI(ST(P) 



LEFT (SlfS2,Boat) 

RI{ST(P,S2,Boat) 
LEFT(Sl) 



RIOTT(S2^ ] 
LEFTCF.Sl.Boat)! 



jRI(aT(^,Sl,S2,Boat) 



LEFTTNtne)" 



RI 



.si)""l 

>Boat ) I ^ 



LE FTCS2 



RIGHTCF.Sl.Boat) 
LEFT(S2) • 

^JE> 



l LEgy(s:^,Boat) 




^^ ^Jb . J. 



R?CTTCS1,S2) 
LEFT (F, Bo at) 



RIGHT(F,Sl,S2,Boat) 
LEFT(None) 



! RIGHT(Sl,S2,Boat)J 
I LEFTCF) • i LEFTCSl) 



RI(ST(F) 

LEFT(Sl,S2.Boat)! 

z:--^'^ ^ 

RIOTr(F,S2,Boat) 



^GHT(None) 
J£FT(F^,S2,Boat) 



RIGHT(S2) ' 
LEFT(Sl,F.Boat) ' 



Figure 1 ' 
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In this problem, the only tltae closeness is used is. to choose node 0* 
oyer nodes (2, , 3^ , and '4^ . Nodes t . 7>\, , and g) w^re gentfrated earlier and 
lose out to their siblings. This, performance is striking in comparison with tba't 
oV'GPS on- the sam* problem [2], ,» ^' 

Symbolic closeness is applicable to proiJlems where certain tokens need to 
be present or absent irv the state representation.^ lifter we shall see "that - 
symbolic closeness works very successfully in the Algebra Task: It is our 
working by'pothesis that a taxonomy of problems exists feased oh the closeness 
measures*that th^ 'call for, -and the pisjcess of "understanding"' the problem 
corresponds to "framing" the problem- in a cognitive map_ within the appropriate - 
caxonomic unit, this resulcj^g in the relevant closeness heuristic^ 

In this first exaihple, the cog;j£tive role was restricted to noting the 
presence or absence of symbol tokens, 'in the next /quantity is introduced In 
the closeness measure^ , ^ 



QUAKTrTATIVE CLOSENESS 



Example*2. A Water Jug Tas k {2^ * " * ' * * 

'^^'Given five-gallon jug and an eight-gallon jug, how can pre- 
' cisely two gallons be put into the five-gallon jug?' Since titiere 

is a %ink nearby, a jjig can be "filled frpm tiie tap and can be . ' ' - 

* • ' - f 

' . I 

emptied by. pouring its contents down the drain. Water can be poured 
from one joig into anothet, but no measuring devices *aVe avail- ' 
abl%other than the jugs themselves*" \ ' 

The representation is ->icial state {J5(0), JB(0)}, goal J5(2^. 'In this 
case, the^essential element is not simply, the presence or absence of to^ns, _ 
but the concept of quantity. Let J5Cx)'and J5(y) be Che components of states' 
s and Sj^ where is 'a successor of s. If x is leds than 2 (since the- goal. 



description £s 'J5(2) in this .example) the successor^ of s.will be judged on 

the basis of |heir contribution in increasing. the contents of J5. Then, s. 

* 1 . 

scores a match, in closei^ss calculation, if y > x. If x is greater than*^, 
the above argum&nt vd.ll be reversed, .The alternatives for expansion will be 
§car^d,in terms of this measure/of closetrfes^. Notice' the role stayed by^the 
parent of node s^^ in calculating the closeness of s^. It is anothej, aspect pf 
the notion of "pursuing a. line of thought". / 

The. tree that is generated is given -ta Figure 2. ^ , 



[J5(0), 




JS(0), J8(0)| . J5C$)^ J8(5) < 



J5(5). - JSi^O)! ^' 



Figure 2 • 



ERIC 



» • * * * 

The circled -numbers near the nodes represent th^ order o5 expansion. Ernst and 
Newell [2]^ .cotffin^t on the behavior of GPS in solving this probleo; 
"The use of differences in this ta'sk seens- to be a rat^her ineffective means of 
guldipg the problem-solving ... GPS might. need s<ia6 additional problea^sol^g 
mechanism, e.g., planning, in order to be more proficieht ^t the task." The 
reader might notice Jjhat to the extent that planning' InVoXves abstracting the 

ii . ■ 
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^"essential" from^^he "Inessentiai'- 'in problec^soiving-;' pur system-has the r^eSt 
of pl&nning in the concept of • closeness . . • ' » 



OI?Dftl-BASED CLOSENESS*- , ' . * * , 

In tf>e- literature recently, the problem of interaction o"f goals has' 
received W atterttion-, Sacerdoti OK^ussman [4], fatfe[5), and Warreti fej 
consider as a prototypical examine' the following problem In -the BLOCKS- world'. 



£)c4mpie 3. 



"Change C 

A ^ 



to 



b: 



TABLE 



-TABLE 



OnlV ontoperator is available: PUTON(X,Y), for which X shoald have 
cleartop^ ff is generally pointed out that^S fares poorly in this ^ 
problem and pt(;iers wfti^i^^e characterized by the so*-called inter- 
action of goals. ^This term arises sincg^^ t^ds^ view the '-^ 
goa-l as consisting of a conjunction of two subgoals: (ON B C) and 
. on ON(A B), but if one subfjoal Is achieved, it 'will have to 'bTundone to 
achieve the other subgoal. In *ur opinion, this problem arises in this 
case because of ^a weakness in traditional ^representations of the problem, 
whicti do ndt permit imparting of somfe -assfenti^r information Sto th^ system ■ 
which is intuitively availab].e to the'hikan.* We "shall solve the problem 
using two diff^ent notions of clase^nfess. ojie we feel might correspond * 
to^that of^a person who has lived ail his life in 4 world of no" gravity ' 
^d ctfier'^caf/turing our intuition jf the role played by the , order of blocks 
Let the representation' be: 1 ^ * * 



Initial state 



ON C A 

ON A TABLE 

ON B TABL€^ 



goal State |6n'a B 



ON B C 

ON a TABLE 



r 



The first jotioq. of closeness is simply:' the more ON statepents the ,stat;e . 
description shares with the goal state the. closer. The tree in -Fijmre 3 is' 
geneVated. • . - . • 



ON Cf B , 
ON A Tables 
on B T able [ 



ON A C 



1 



( ON C Table 
;0N B Table 




'■ ON B-^ 
'ON A Table 
ON C Table , 



C Table 
ON A Table 
ION B Table 



ON A B i 
ON B Table 
ON C-Table 



' -ON A -Table 
ON B C 
On C Table 



ON C A 
ON A B 
ON B Tarie 



ON A. B 
,0N B Table 
ON C Table 




Some explanations J Expansion of 'node ^ ^not sho«J^ .it simply rekults 1^ the 
i|iltial state.. Nodeq c and- d are equally" close. -He .We assumed >the worst ' 



dnd let cjie selected, resulting In successor^ e and f. Node f'is recognized, as 
having bcun |ei.jrrated, exmmim of .e reaulta -In a catrQ%. The^aystem backs up 
to -^S/hich leads straight to the.gpal., J: • 



• ^ Now-let us consider a more sophisticated notion of closeness for this class 

: ' \ - 1. . • - ^ 

of problems. >The, ^as'on why humans solve this ^iroblfem with remarkable ease is* 
that- they do not. regard the three components of our goal descriptions as equlva- 
•lent and- independent.. There J.s a^fsiece of knowledge that they bring into the 
situation, something tHat is a product of haying lived in world wlth-gravity , 
ana #aat can be incorprated into the .closeness^ aea^ure.' The new notion of 
closehess is: If ON(X^, Table) is pact of the goal ilescription, then a state 

having ON (X^, Table) is closer than another' state which does not have ON(X , 

n 

Table), wtj^tever the m^tchings of other compoLnent de'scriptions. Similarly, 
a state having /(ON(X^_^ ,X^) , .ON(X^.Table)} is )lo Ser thap anotp&x state which 
does not have UON(X^^^ ,X^) , ON (X^ , Table )'} , whatever the matchings of other 
components; and so on. The new tree is given' in figure 'A significant- 
reduction in search over Figure 3 is seen. 



ON A Table 

ON c'b 

ON B Table 



ON A B 
ON B Table 
ON C tAhlfi 



,0N 



C A 

A Table 



ON B Table 



ON B C 
|0N C A 
ON A Table 



ON B. A 
ION A Table 
ON C Table' 



ON 
ON 
ON 



A Table ■■ 
B Table I . 
C Table ! 



ON A C 

ON C Table 

ON S T^ble 



ON A Table 
ON B C 
ON'C Table 



(Nodes which are the same as, those''', 
•generated earlier 'are not shown) 

Figure 4 



ON A B 

ON B C . 
ON C Table' 
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'Example 4 ~ ~ ' .• • • ( ' 
^ '■ • • > , 

Let us consider the following mpre^ complicated case. For slSpiicity we 
switch to^a pictorial representation of states without 'lo^s of generality. "/^V, 
The problem is taken from [3] and is as follows. . • ' f . ' ^ 



The tree which results after" search with the closeness measure incorporating 
.order is given in Figure 5. ' - • 





c" 


















Fipure^S 
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■ The solution is remarkably -straight forwar4-. )Jode -t is closeV than its siblings 
and thus chosen, because- 1 satisfies (ON D, Jable) . Similarly node 2' is. 
chosen oyer its siblings because if satisfies^ <ONC D)^.ahd'(Ofi D Table) and so on.- 
As Sacerdoti: [2] point^s out, goal interaetiori can .be Avoided by planai-n^ ' 



As mentione^arjieir, and a's can bjTseen from the exa'mples' in .this section, Sur 
notioa of cl^Qksg gives the a^stem" the rudiments of plannirfg, 



• The^huoan ptoble'm , solver^ while* enjlged in a search with whatever concfepts of 
closeness provided him by his ovn^cognJj:ive system, is also consid'ering possibii|^ ' 
rerforgqlations of £hl ^>roble»^ This ref oiEulation.^ides search in such a j. 
way that both the oriV^i^robles and the reformulations are simultaneously ' " 

kept la mind. Our cSncepf of closeness 'promises to provide" a smooth way of 
integrating these" nKJdes of problem-solving. ' 

''^in, Igt us conft£ne Qurselves to problems whose solution process can Ke ^ 
completely iwdel^d as a state-space search (like all the examples so faf.) " 
A^clkasical nbtlon here. 14 "working back from the goal". In fact, the reformulations 
we talk about wiH be, for tl^is class of problems, states which lead to the goal 
^state. However, i'n order to cut ^^pwcl the.searjkh spaed backwards, one <ieeds ' 
^ome sort of criterion. Since the only primitive notion available to our ' : 
problem-solver is that of closeness, the , reformulation in general, and' working 
back from the feoal in particriar, need to' be anchored to that n^asure. irthe ' ' 
Logic Task, reformulation based ojj 'closei5es8,is more ;than working back 

-- ' f * 

from the goal and in fact^i^afjs oatura.lly to problei^^eduction'. For now, howevfir. 
we see reformulation ag a way of gaining insight by backing up from the goal, ^ . 

" * * — 

examining what results, and. using 'it to guide' forward Search. ,Wertbeimer [7] 
says, in discussing thp petforrnanci of . young Gausd^ flt- age sixj \unsaing^ 1 + 2 + ... 10 
in a new way^ "In the process' the .vari-ous.items ateriy gain a n^w .'meaning ; tHey. 
appear, functionally determined in a netf way. Nine is no 'longer viewed as 8 plus 1,' 



V 



it has become ICnjrlnus 1, and so on." Reformulation is. an attempt to give the 

^ . , • ' ' / *• 

system, the. ability to see the gswil in. a newVay. * . " ' . . 

• Our criterion for a meaningful refor^ulatioij, of a goal G as G' is that: 
i). there exikt permissible operators taking G to G' and vice* versa, and ii) 
G and G' differ in some essential respects, or, in the language of cJ^eness, 
C(S,G) $C(S.G') where S is.^^y, the initial state, and C(x,y)-i8 the 'oeasure 
of , closeness between states x and j.. -C(S,G) = C(s;g') implies that > the respect^ 
deemed essential by the cognitive system, G and G' are not' m^ni-ngfully dij^ferent,' 
and thus looking at G' will not yield^y Insight . . , . ' v 

rne suggestion that 'G'-qualif ies as "a 'reformulatiion^e^^en it -9 is less close 
from G' than from G might )?b -^^xiT^lin^ ^ first. ' However, creativity consists is' 
looking at possibiiiti^s^WhichX^ against ccnven^ion'or are counter-intuitive! ' 
• Reformulation is a way oi "shaking up" the goa'l representation for possible' 
insights and a more "difficult" goal qualifies as a reformuUtlon for this 

' ■ ' ' •• . V 

Meson. V ■ 



-Suppose a set of meaningful ref otmulation^ {G^ , . . . .G^} have been generated.' 
Before reformulation, closen^s for a state s would be cUg;G). Howler, after 
-the reformulation, the. modified closeness measure would be .min{C(s,G), C(s,G ), 
^^s.G^);.^ For each can<j^date node, this modified closeness would be 
QOT-puts^ -in^rhe node vith the snallcst -.casore vould'be seFected. Perhaps tRc 
ld?as will b-ec|faj cl^darer after* the '.next ^^ample. 

1 ' • > 

Example 5 • ' . ' ■ • : 

Let-Qs take th? following '"ale- jugl' problem Th-e^igfltl^l st^e is"' 

.(J5(0), J3(0). J8{8)}, and the goal is { j3(4) i" J3(0) . J8(4)}. however, ju'gs' 
• , , can neither be filled^th al& from any tap nor can they^be emptied by pouring 

ale down the drain ,pieaveS forbid!). * . * * , ' 

The basic closeness measure is similar to that used in .Eteople 2, bift^^e 
'ERJC components./ The extension is best illustrated bV.coiisiderlng the * 
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.two successors of the. initial.state. s^ J5(5)^(0) J8(3)J. and S2;{J5(0). J3D) 
J8(5)., .nd the. goal'state.' Considering J5. we wish .to increase 'its contents, ' 
thus sj wiU sc^re a malch.- Similarly cu'nsiderin'g J8. the goal ^tate requires 
'reducing its contents. ,;H^re>^oth and s^ will score =«tcK^. /k.w coasidering . 

both of then^togethe?.. will "be deemed closer than s . - • 

I 2 • • . 

The following are two candidates for reformulation:' = {J5(4), J3C3), 
J8(l)}.--and = ;J5(1), J3(3). J8(^).}, and both staisfy the conditions' for. 
^^efornulation. Fne forward search based a reformulation now proceeds and the 
tree is grTjerated as In Figure '6. , ' " . • 



;J3{0) 
iJ8(S)i 



:i 

J5(5) 
.-'3(0) 
J8(3)i 



iJ5C0> 
:J3(3) 
'J8(5) 



:j5(o) 

J3(0) 
J8(8) 



"3 
'J5(2) 
J3(3) 
J8(3)' 



J4 
35(5); 
J3(3)i 



iJ8(0)J 



s. 



■J5(2). 
J3(0). 
J8(6): 



J3(3), 
iJ8(0)' 



J3(0), 
ij3(3) 



H5(2) 
tJ3(3) = 
■U8(3) 



J5(0)i 
J3(0^i 
J8(S)| 



p5(5) 

IJ3C0), 

J8(3)l 



J5(0)| 
J3(2) 
J8(6) 

■T\. 



♦ \ 

\ 



- Cboice-betveen s; and in favor would be done with or without refoxil. 
lation, with the basic .notion of closeness available to the syst^. Let us 
consider the choice between S3 and s^ [nodes marked * are nodes previ^usljr 
generated and Closed). Without refonnulation. both S3 and s^ will sco;e 
equally in the closene^^ .calculation. This is because between s and goal, the 
contents of J5a^,J8 need to^Tecrease. S3 will score one :.tch witj respect 'to 
J5 and also one. but with respect tg J8. On the other h^,.with refomu- 
lation, the closeness neasure can be illustra^ a's follows.' 



^1 

■J8k 

J8 X 



rnat is. S3 is now dee=.d closer, and expanded. State s^ is reco^ized as 
^ laentical to s, and is not expanded.' If pursuing S3 would hive led to a cur-off' 

(in thi*,c'ase Jt doesn't), then s, would be pursued. As.W j^^,,, ^^^^ 
is reached quickly. . • ' ~ t 

^ ■ .^"^^ ^P^^^^ refornulation to a' variety of other ^.ro'ble:^' wltji 'success. 

IB particuUr. the Father and Sons Task and the Hisslokrtes Task quickly 
result in solutions, when s^ipcessive refornuiation^^iBed ^ith s^Hc ' 
- .closeness is%ioyed. Ttere is hardly any search. The Ela^^taiy Algebra 

Task 18] is handled elegantly by^fonmlation. We now proceed to "that task. . 

ELEHEKTAEY AL(SBEA TASK. 
^ The rewrite rules, as . they appear ito (8], are given below: 

Rl. A4S B+A . . R4. A a-B)-B ' ^ * . 

R3. a4sU :-A^ • Efi'. (A+3)^ (A-ci4B 

The closeness n^asure is the syabolic closeness, i.e/.Tlist^is for«d 
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;^f;the cokeX .symbols ^peatiing In the expression- aad.uie.d, to conipute the " 
cl6seness r^asure as e^^lalned earlier. 1^ operators do not ap'pear in 
'the list., i.e., th^y ar4 abst^cted- out . 
, *. . ,^iven 3 theorem to'^r^ve of the fom U.J7 STRING Rirai 

6nly rules and RA are ^t^ntiall^ applicable for reforpl.tion of the 
goal. Since they are the, Ly ones that change syinbolic closeness.' In R4, 
B Plfy^^he'roleof a variable standing k*an^ E^ch 
reforBulation is at first i|ept. in t'^ for^ containing the variable, sJ Y. 
, ■ Tne first task of the ^.cutive* is to achieve synbolic closeness.^ It 
^. expands- the initial ncde (i.e., the LEFT STRI>;g) If U is (^d. '.here' 
--ill be variables. A determination is nade of ' the^ possible sLtututions 
for^the variables, say X. such that thl resul.^ng expression is as close 
as possible to the goal, rnese^possible substitutions ^re re::..-.>ered, but 
the successor fs 'kept in the fora containing 

Hov a substitution for tha variable Y (in a given reCoJIulation lis 
nade so as to result in an expression as closi as possible ?o the succe- 
^ ssors of the^ initial node. Since these successors contaitf the generic 
'variable X." the subs tituticm for Y will in general be in a forn. 
containing X. Tnis is do'ne for each%eforndlation and the 'set of refor- 
nulations is now used to guide forward search ao as to achieve ^^ing . 
closeness. ^^Dnce grouping closeness is achieved. Z , iTsubs^it^te^for ' * 
fay'the-possible substitutions that^.«re deten^ined earlier, to see If \ 
the two expressions which are synbolicaily andWupi^^s^ 
in fact identicjl.^If 30. the' proble. i^ 30^. Otherwise, other •/ . 
brashes of the search tree are pursued. 

Ut us illustrate it with an-exaz^le that had the. longest solution ' . 
tine for the Quinlan-Huat systea. ' ' , 

20 - - - 
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^xamlef j Prove (A-C)-(B-C) :- A-B - ' * , 16 

. The Qainlan-Hunt systea^had proved five theorent^-V up to 

this point. Ke shall assuae that our .system has^acte^s to t|e eak theorems, 
in particular Theorem 5, which is (A-B)+C :- A+CC-B) . 

The first stage of thfe refonaulatidn of the goal is as follows. - * 

• pC(A+X)-Y)-B ' - - - 

' * 

A-B —f^ A-((B+Y)-Y) 

-((A-B)+Y)-Y • ^ ' 

The initial state is ■(a-C)-(b-c) . The only rule applicable is' R4, but it 
cai^ be applied in seven different -says : 

1. X((A+X)-?^-C)-(B-C) 5. (A-C)-(B-(<C4.Z)-Z)) 

. 2. (A-KC4-ii-X))-(B-C) V 6. (A-C)-(((a-C)+X)-X) 

- 3. ((CA-C)+X)-X)-(B-C) ^ 7. C((A-C)-(B-C))+X).X ^ 

4. (A-C)-(((B+X)-X)-Ct 
Of the possible substitution^ for X, sulJstituti'on of A or B .would 
•X^be the only ones consistent with oaxiMzing closeness to the goal. This 
is noced^an| put away for future use. ' - ' 

The variable Y in the reforaulations is now to be substituted for 
in sach 'a way as to maximize aoseness to^one or sore o*^the' seven 
succfeasors. It can be seen that substitution of (X+C) would result 
^ in syiabolic closeness being achieved between the successors and the refonau- 
lations. All the seven successors are now equally close to the reforaulations, 

which are, -after substitution; the following ; 

/ • - • * . • 

f I.,' ((A+(X±C))-(X+C))-B . '* 
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A-C(B+(X±C))-(X4C)^ ^ • ^ 
III. C(A-B)+(X€5))-(XtC) 1 
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^i%ure 7 shows the results of forward search, assuming that the first 
of the successors is selected . The last expression in the tree is identical 

(A-C)-(B-C) 



(((A+x)-»)TC)-(a-c) 

I 



(((A-X)+X)-C)-(3-C) 



R5 



R6 



Si 



{((A-X)^C)-X-)-(B^) 



4 ^ 



^ Theorem 5 
((A-X)+a-C))-(B-C) 



figure 7 



to refonrmlation III, vith the substitution X«B and the choice of the - 
sign in'fhe substitutix>n cY=X±C. The theorem is proved. 

Choice of any of the successors 0'-to would- result in a cut-off. 
Figiire 8 shows this for (2)_V 



f 



r 
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(A-((C+X)-X))-(B-C) 
(A-{(C-X)+X))-(B-C) 



Figure 8 



On the other hand, if (t) had been chosen, ' there would be suctess 

•again. Figure 9 shows this. The expression pointed-^ by the arroW ' 

'-■*'' , ' - - /' 

in the figure ^patches reformulatioff I for X=B and 'y*»B^. 



(((A-C)+X)-(B-C))-Jc 





((CA+X)-C)-(B-C))-X 



(((X-C>-.(B-C))-X)+X 



Theorem 5 



>C(A+a-C))-(B-C))-X 



» Figure 9 ' 



We iave the problem-solver only the notion of symbolic closeiress. 
If we had given, -in addition, a notion of grouping- closeness (p^le, ise 
^that in making choices for this class of problems), ^ or (2) would h^e 
been expanded first. However, it is not clear to the authors a_t present 
how a general concept of grouping closeness can be formulated. It is a 
subject of current investigation. It* would C easy to cone rim with a - 
group^ing closehess -measure that ^1 work for this ca^^/'but th^t would h^ye 
had an ad hoc flavor. 



, . CONaUDIKG REMARKS 

This paper is based on the view that at the. very base of any problem- 
solving activity there is a cognitive component. The various problem- 
solvliig modes such as, s^arqh. planning and probl|pi-reduction are not 
independent, disjointed activities, but work in a coherent way, mediated 
by input from cognition. A task of any -problem-solving theory is to , 
uncover this cognitive role, which 



tends V to bfe hidden under the accisailation 
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of a ni^iber of high-level heuristics. ' 19 

• -The closeness concet>t ;LncoTpo^jtes our notion of what cognUion notices- 
as the structural difference betweep two situations. The' problem-^olveP 
attempts to close the structural gap, "an,a once this L done in the right 
way, other- things fall into p-lace. Reformulation is a -powerful' way of . 
obtaining a different view of the task. 

, Hiere are several aspects of these id;as which need further iTnvesti- 
^Sation. It is not clear how to formalize the specific conditions under 
which reformulation is to be activated in a problem-solver^ -To some extenjt. 
an absolute committment is not wise, stnce a^oblem-s^lving tReory should 
capture not only what is common to intelligent pYoblem-solving, but alao 
should provide for individual diffetences. and individual difference plays 
V°l« in the invo^ration of reformulation. Nevertheless, more understanding- 
of this aspect is needed. " ' . ^ 

. Means-ends analysis 4s a useful component of problem-solving, though 
we do not assign it a dominant ro^. We are cu^ently studying ^how this 
component can be smoothly integrated into our system. ^ ., '\ 

The taxonomy \^osenes9 itself is a matter of great interest. Other 
kinds of closeness meaJtj^s will be clearly needed ,apd a systematic inves- 
tigation should provide a g^at deal- of insight into the stLture>^f the 
cognitive base of problem-solving. ^ — =^ ^ 
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